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Simple growth models of rigid multiflament biopolymers

Evgeny B. Stukalin and Anatoly B. Kolomeisky?
Department of Chemistry, Rice University, Houston, Texas 77005
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The growth dynamics of rigid biopolymers, consistinghparallel protofilaments, is investigated
theoretically using simple approximate models. In our approach, the structure of a polymer’s
growing end and lateral interactions between protofilaments are explicitly taken into account, and it
is argued that only few configurations are important for a biopolymer’s growth. As a result, exact
analytic expressions for growth velocity and dispersion are obtainedafyr number of
protofilaments and arbitrary geometry of the growing end of the biopolymer. Our theoretical
predictions are compared with a full description of biopolymer growth dynamics for the simplest
N=2 model. It is found that the results from the approximate theory are approaching the exact ones
for large lateral interactions between the protofilaments. Our theory is also applied to analyze the
experimental data on the growth of microtubules. 2004 American Institute of Physics.

[DOI: 10.1063/1.1759316

I. INTRODUCTION trol the growth dynamic$:*? In these models a rigid
biopolymer is viewed as consisting & independent and
Rigid biopolymers such as microtubules, actin filamentsyotinteracting parallel protofilaments. A different approach
and intermediate filame_nts are major components of cytosky to describe the biopolymer’s growth dynamics phenom-
eleton and cellular environments. They play a fundamentagnologically, by considering the overall polymerization and
role in biological systems by supporting cellular transport,qepolymerization processes and neglecting the microscopic
cell motility, and reproductiof-* Many cellular processes getails!®15 Although current theoretical models provide a
essential for life are driven by polymerization/depoly- yeasonable description of many aspects of microtubules and
merization dynamics of these biopolymers. Therefore, a fulbctin filaments growth, there are still many open questidns.
theoretical description of growth processes is clearly needegpe general deficiency of current theoretical approaches is
in order to understand mechanisms and principles of celhe fact that they mainly ignore the microscopic structure and
functioning. geometrical properties of a biopolymer’s lattice, and they
Microtubules are rigid, hollow tubular biopolymers 5o neglect the lateral interactions between protofilaments.
made of parallel protofilaments arranged in circular a?réy. Note, however, that in their model of microtubule growth
Each protofilament is a linear polymer chain consisting ofyjogiiner and Ostef indirectly included the interactions be-
alternating «- and g-tubulin subunits. The number of yyeen the protofilaments in the form of a “subsidy effect.”
protofilaments varies between 10 and 15 for microtubules The purpose of this article is to investigate the growth
from different species, but typically most of them haNe  gynamics of rigid multifilament biopolymer by taking into
=13 protofilaments. Lattice structure of microtubules can beyccount a complex structure of polymer’s growing end, its
viewed as three parallel helices, the so-called three-stageometrical properties, and interactions between parallel
helix.” It also shows a discontinuity or seam, and a func-protofilaments. We show that at realistic conditions only a
tional role of this lattice feature is unknown. The dynamicsfay polymer configurations contribute to the overall dynam-
of microtubules features an unusual phenomenon of alternajzs |t allows us to develop a simple approximate one-layer
ing between the growing and shrinking phases which isyodel for rigid biopolymers growth, for which we obtain
termed dynamic instability. Actin filaments are another eX-explicit expressions for velocity and dispersion &y num-
ample of rigid biopolymers. They can be described as twoper of protofilaments and for arbitrary geometry of the poly-
stranded helices in which each actin monomer contacts foyf,er end. The essential issue of this approximate treatment
other monomers, with the strongest interaction along thgyrgyves out to be an evaluation of analytical expressions for

strands: . o . _ the asymptotidlong-time) mean growth velocity/
Recent experimerts® have provided extensive mea-
surements of growth dynamics of actin filaments and micro- (x(1))=Vt, @

tubules under the effect of external forces. A number of theand for dispersiorfor effective diffusion constanD
oretical models aimed to describe the dynamics of growing

rigid biopolymers have been proposed® Several studies D%EE[(xz(t»—(x(t))Z] @)
utilized polymerization ratchet models, which assume that 2 dt '

thermal fluctuations at the tip of growing biopolymers CON-Here, x(t) stands for a coordinate of the biopolymer’s tip at

time t that grows linearly with time at a stationary-state limit.
dElectronic mail: Tolya@rice.edu DispersionD is a natural measure of fluctuations of growth
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FIG. 1. Atypical configuration of growing rigid biopolymer consistinghf
protofilaments. The seam in the polymer lattice is between the protofila-
mentsN and 1. The tip of the leading protofilament is at the origin. The free
monomer can bind to any protofilament. 0

FIG. 2. (a) A biopolymer configuration with all protofilaments at distances
. . . . . less than one subunit lengthfrom the leading protofilament, i.e., a “one-
dynamics. Note, that although in this article we aim to de-jayer” configuration.(b) The biopolymer configuration which is not a “one-

scribe the microtubule dynamics, it could also be used tadayer” configuration. The protofilament 2 is at the distarage-d.
analyze the growth of other rigid biopolymers, such as actin

filaments.
This article is organized as follows: The approximate — Yj _ -~ _
model of the growth of biopolymer consisting Rfprotofila- W X~ (9o Ont Gim) ke T], @

ments is presented in Sec. Il, while in Sec. Il the full de'wheregv is a bond energy due to head-to-tail bindifgr-

sprlptlon dOf the gro(\;vth_trr?(t)r(]jel W't"N:.Z {)rotofllamerr:tss IS i tical), gy, is the energy due to lateréhorizonta) interaction,
given and compared wi € approximate approach. Sectio ndg;, is the free energy of immobilizing the free monomer

l?]/ comp?resvt\zﬁ preéjlclzt]:onfhgf_tge approxurjngtesmoci/el Withito the rigid lattice’’ see Fig. 1. For binding to any
the exac grodt rgo e.bor th - Icase, an 'rl Iedc.t ourt rotofilament the value of longitudinal energy is the same,
cory 1s used to describe the real expenmental aata on Wig, eyer, contributions to the horizontal enegymight be

gr%wth Ofl rglcrotubulis.l Section VI summarizes all reSUItSdifferent because the local environment of each protofila-
and conciudes our articie. ment tip is different. For polymerization/depolymerization
rates we can easily write

ujocexd — 6(g, +gn+gim)/KeT],
Consider a growing rigid polymer consisting o

protofilaments asgshowngin ngg. 1?lee building bIocE ofsuch Wi = (0=1)(9,+gn*Gim)/keT],
polymers is a monomer subunit of lengthFor microtubules  where the coefficient, 0<#<1, reflects the value of the
this is ana-B-tubulin heterodimer, which has the length of activation barrier for the process of monomer binding. The
8.2 nm!~3 The protofilaments are parallel to each other butexact values of the lateral interaction eneggyfor microtu-
shifted by arbitrary distances. There are chemical interacbules are unknown, but there is an estimate based on com-
tions between protofilaments that bind them together in guter simulations of a stochastic model of microtubule as-
polymer lattice. Protofilaments are labeled in a such way thasembly dynamics, which giveg,, approximately between
the seam in the polymer lattice is always between protofila—3 and —6 kgT.2® It is obvious that the monomer could
ments 1 and\. There is an infinite number of possible poly- attach much faster to some protofilaments when more lateral
mer configurations, which can be described by a seNof bonds are made. That leads to the observation that the grow-
numbers{a, ,a,,...,an}, wherea; is a coordinate of the tip  ing biopolymer can be found preferentially in some particu-
of the protofilamenij. For labeling different configurations, lar configurations. This picture is based on the assumption
let us choose a moving coordinate system where the origin ithat the growth of biopolymers is a reaction-limited rather
always at the tip of the leading protofilament, i.@;=0 if  than a diffusion-limited process, which was shown to be cor-

Il. ONE-LAYER MODEL
4

the protofilameni is the leading one: see Fig. 1. rect for microtubule growth in realistim vivo andin vitro
When a free monomer approaches the growing biopolyeonditions'® This is the basis for our approximate model.
mer molecule, it can attach to any of theprotofilaments. In our model we assume that the growing biopolymer

Defineu; (w;) as a rate of attachmentletachmentto the  can only be found in configurations with distances from all
protofilament. These rates are related by the following ther-protofilament tips less thadh i.e.,a;<<d for all j, as shown in
modynamic expression: Fig. 2. It means that all protofilament ends are within one
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monomer distance from the leading protofilament. There are d? ugu,+wyw,—2(V/d)?
N such configurations, because each protofilament can be the D= ——— W (13)
leading one only once. This is @ne-layermodel of rigid v e
biopolymer growth.

Consider the dynamics of biopolymer growth in the one-A. Effect of external loads
layer model. For the biopolymer in the configuratipri.e.,
when the tip of the protofilamerjtis at the origin, the in-

Forces produced by growing microtubules are crucial for
. ) understanding mechanisms of cellular motility and cellular
coming monomer can only aftach to one pmto_f'I‘"‘lmef'm’transportl.‘4 To investigate force production in experiments
which is the _furthest away, and the polymer conflguratlonthe growing microtubules are put under external loads which
transformed into another one. The whole new layer of theSIOW down the growt The experimentally used external

monomers of lengthl is added o the biopolymer only.when loads are hard walls and/or optical trap systems. These stud-
the system goes sequentially through all allowédonfigu- ies provide valuable information on biopolymer growth

rations, ar}d we return to the same conﬂgyraﬁtoﬁhu;, the. mechanisms and cellular motility, and any theoretical de-
growing biopolymer advance; from thg given Conflgur""t'onscription should account for the effect of external forces. In
to the same one, but only shifted by distam;eéhrough the ,g]e one-layer model this can be easily done.

sequence oN states. Th_en the_ process repeats again and - ¢ ,ngiger a microtubule which is growing against an ex-
again. From a mathematical point of view, this dynamic de'ternal forceF. This force acts locally only on the leading

scriptio_n can be m_appeq into the_motion of a single_ p_artideprotofilament. An example will be a hard wall positioned at
on periodic one-dimensional Iattmé%Recently,.a similar the tip of the leading protofilament. When a monomer is
?ppr?a‘:h has beep g%,sﬁd successfully to describe the dyna%aching to the protofilameptthe microtubule produces the
Ics of motor proteins. work and it is equal t&(d—a;). Then the rates of polymer-

Th's mapping allgws us to obtain exact ar_1d explicit €X"ization and depolymerization should be modified as follows:
pressions for the stationary-state growth velocity and the dis-

persion, or effective diffusion constant, for the rigid biopoly- By, _at .

mer with any number of protofilaments and for any arbitrary Uj(F)=u;(0)exd = 67 F(d—a))/ksTl,
set of shifts{a,,a,, -+ ,ay} in terms of ratequ; ,w;}. The
equation for the steady mean velocity of growth is given

(12
w;(F)=w;(0)exd + ej_F(d—aj)/kBT],

19-21
by whered—a; is the microtubule length change for monomer
d N w; binding to the protofilament and 01+ and 6; are theload-
V= Ry 1_jH1 u_, ' (3 distribution factors These factors reflect how the external
force affects the activation energy for attachment and detach-
whered is the size of the monomer subunit, while ment processes of the monomer sub@hft Also, the load-
N 1 N-1 ko distribution factors may have different signs, but we cer-
Ry= >, r, rj=—|1+ > T1 ;“) (6)  tainly expect that the overall factor
i=1 uj k=1 i=1 Ujj

Here we also used the periodicity of the one-layer model,
i.e., ujiN:uj andeiN:Wj .

The expression for the dispersion is similar but more
complex®?! to equal 1, i.e., positive, implying an opposition to growth of

N
022’1 (67 +6)), (13

d (VSy+du the biopolymer molecule. This simply means that the free
D= N [ fN— E(N+ 2)Vi, (7) energy of the state after addihgsubunits differs byrd from
Ry the original state. The force-dependent rate constants can be

where the auxiliary functions are given by substituted then in Eqgs(5) and (7) to obtain the load-
dependent explicit expressions for the velocity and disper-

sion, and thus providing a full description of biopolymer
growth under external forces.

If the external force opposes to polymerization, then
there is a special value of force, termed stalling fofeg, at
N-1 k ) which the force-dependent mean growth velocity is ap-

N N N
SN:;;]_ Sjigliri_H‘, UN:;]_ Ujerj, (8)

with supplementary coefficients

Wjt1—i : . . .
1+ > [ = . (99  proaching zero. This is an important characteristic of real
k=1i=1 Ui biopolymers’ In our approximate model we can easily cal-
In the simplest case of the growth of the biopolymerculate the stalling force
with N=2 protofilaments these expressions are reduced to

1
Sj:_
uj

uu W, W F kBTl HIN=1uj (14)
1U2 ™ WiWp s=— N=x——.

_-c - e d , .

Up+Up+Wy+ws,’ (10 5= 1w

for the mean growth velocity, while for the dispersion it Similar expressions have been used successfully for the de-
yields scription of motor proteins dynamié&:%3



1100 J. Chem. Phys., Vol. 121, No. 2, 8 July 2004 E. B. Stukalin and A. B. Kolomeisky

B. Comparison with phenomenological description d d

a) ]
It is very interesting to compare our approximate ap- E . | I |
) W

proach with phenomenological models which dominate in : i

B H ‘. d-a
the field of microtubule dynamics. According to a phenom- S —
enological description, the growth rate is determined by theb) d d
balance between polymerization and depolymerization pro- “
cesses d—a. —— ] | |

g C | ] m | [z
V= N(konc_ Koft), (15 ) p p
wherec is the concentration of free tubulin subunits, dqg ? | | & | | |
and k¢ are average rate constants for polymerization and |,—!-.I.-..“[if’.-.: ” l _ I . L—a—l
depolymerization, respectively. This simple picture suggests Pemeenn e feererericdild
that there is a linear dependence of microtubule growth on B p

tubulin concentration, at least, in the regime where the dy- d)

namic instability can be neglected. [—EE . l !
- "_w"" -

In the one-layer model, binding rate constants are also 7 :

proportional to the concentration of free monomeus,
=k;c. However, the linear dependence of the mean growttFIG. 3. Four possible situations in the growth of a biopolymer with 2
velocity is only valid at large concentrations of monomers,protofilaments.
while at low concentrations the behavior is different. The
mean growth velocity has a power law dependence on the
concentration at this regime. It can be easily seen by analy2Vith the rateu, to the protofilament 1 of the configuration
ing Eq. (10) for the case of the biopolymer growth with {a,0}, wherea, 0<a<d, is the shift between the protofila-
N=2 biopolymers. At largec, one can obtairV ok k,c/ ments, or it can dissociate with the rate, from the
(ky+k»), while at low ¢ the mean growth velocity has a Protofilament 1 of the configuratiof0.d—a}, as shown in
quadratic dependence. Similar deviations are also found fdri9- 3@. These rates are related through the thermodynamic
dispersion as a function of the free monomers concentratiorfXPression
Note that linear behavior is restored whap and w; are u,/c 2ga/d+g, + i
equal tou; andw; , correspondingly, for all. However, gen- W—=exp< — T ,
erally this symmetric situation is not realized since the shifts ! B
between the protofilaments are different. We expect that inwheregy, is the energy of laterahorizonta) interaction per
the generaN case the behavior is similar. one subunitg, is the longitudinalvertica) bond energy, and
The observation that the biopolymer growth velocity Qim is the entropic term which describes the energy of im-
may deviate from the simple linear dependence given in Egmobilization. Then the factor&d gives the fraction of the
(15) has serious consequences since all experimental mekateral bond created after the monomer binded to the
surements have been based on this phenomenological pigiopolymer.
ture. It means that the values of measured rate constgnts Similarly, the monomer can attach with the rateto the
andk.¢ may be different for different tubulin concentrations. protofilament 2 of the configuratiof0,d—a}, or it can dis-
This could possibly explain a large concentration variabilitysociate with the ratev, from the protofilament 2 of the con-
in growth rates of microtubule&?? This question requires a figuration{a,0}, as shown in Fig. @). The relation for these

(16)

careful experimental investigation. rates is given by
u,/c 2gn(1—ald)+g,+gim
Ill. GROWTH DYNAMICS FOR BIOPOLYMERS w, AT KeT : (17)

WITH N=2 PROTOFILAMENTS ) o
Rates u; and w; describe the polymerization/

How well the one-layer model approximates the full depolymerization processes, which do not change the length
growth dynamics of rigid biopolymers is an open question.of the polymer, as illustrated in Fig.(®@. Meanwhile, the
However, we can answer this question in the simplest nonattachment and detachment rates from the leading protofila-
trivial case of the biopolymer wittN=2 protofilaments, ment for all possible configurations are given tyand w,

where an exact solution can be found for the full dynamica|respective|y’ as shown in F|g((3 These rates can be de-
description. A comparison between the approximate and thgcribed by the following expressions:

complete dynamical models provides an important physical

insight into the mechanism of rigid biopolymer growth, and “3_/C:exp< B 20h+9, + Oim

allows us to understand the applicability of the one-layer W3 kgT

model. and
When the monomer is binding or dissociating from the

growing biopolymer withN=2 protofilaments, there are u/c F{‘ 9yt Oim

four different situations: see Fig. 3. The monomer can attach ~ w

(18
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d P(a,0)= =P and P(0d—a)= 2P 25
wtwy utwy (2, )_1+a and P(0.d—a)= 1+a ’ (25
ves T : []
P wtw T where we also defined
----------- ul+W2
utw ntw a= u2+W1 ' (26)
It is interesting to note that2P(a,0)— P(0,d—a) gives the
— d fraction of configurations that are neglected in our approxi-
utw 2d-a o d-a mate one_—layer m_ode!. Using Eq®5), the simple calcula-
o | | | | [ [ | tion for this quantity yieldss.
wtw ! wtw : The mean growth velocity can be written as a sum of

several terms, namely,
FIG. 4. A kinetic scheme for full dynamics description of the growth of a
biopolymer withN=2 protofilaments. V=du+(d—a)u;P(a,0) +au,P(0,d—a)

—dw{1-P(a,00—P(0d—a)]

—(d—a)w,P(0d—a)—aw,P(a,0). 2
For convenience, let us defineas an energy parameter that ( JwiP( )~ aw,P(a,0) @
specifies lateral interactions, The first positive term corresponds to adding a monomer to
_ the leading protofilament and increasing the length of the
Y= eXp—0n/kgT). (19 polymer byd. This may take place at any polymer configu-
Then, using Eq(18), we obtain a set of simpler relations ration. The second and third positive terms reflect the addi-

between the rates, namely, tion to “one-layer” configurations, i.e., where tips of
2ald. protofilaments are at the distances less tldafrom each
Uy /Wy =ufwy other. Similarly, the first negative term gives the contribution
Uy /W= U/ w23, (20) from dissociation of the monomer frpm the leading pr_otofila-
ment. It shortens the polymer by distantéor all configu-
Ug/W3=u/wy?. rations except “one-layer” configurations. The last two

terms represent negative contributions to the mean growth
velocity from the “one-layer” configurations.
Substituting expression®5) into Eq. (27) yields the fi-

Let us defineP(a+id,0) as a probability to find the
system in a configuration, where the protofilament 2 is the
leading one and the tip of the first protofilament is at distance

a+id, (i= ...). Similarly, we defin®(0,d—a-+id) as a nal expression for the mean growth velocity of the rigid
probability to find a configuration with the tip of the second biopolymer withN=2 protofilaments

protofilament at distancé—a+id, (i=0,1,...,) from the tip UpUp— Wy Wy

of the first protofilament, which is now the leading one. The ~ V=dju—wg+(1-p) ——————"— (28)

. . . . . u +U2+W1+W
overall kinetic scheme of the system is shown in Fig. 4.

Because of the symmetry, at stationary state the overall fluimilar calculations can be performed for the dispersion, or

through the system is equal to zero. Then the following re£ffective diffusion constant.

lations for probabilities are valid: In the “one-layer” model for biopolymer growth with

i N=2 protofilaments, there are only two configuratiofs0)

P(a,0), (21) and (Od—a). The system can transfer from the configura-
tion (a,0) to the configuration (@—a) with the rateu;

i +w,, or it can go backward with the rate,+w;. At t

P(0d—a), (220  —, the probabilities to find the system in different configu-
rations can be easily calculated to give

) u-+ws
P(a+id,0)=|—
3

_ u+ws
P(0d—a+id)= W
3

U +Wwp 1 o
POd—a)= 2, P@0), (23 P(a0)=1~ and P(0d-a)=71—. (29

with a normalization condition These equations can also be obtained from the general ex-

o pressions(25) for the full dynamic case wheB=0, i.e.,
2 [P(a+id,00+P(0,d—a+id)]=1. (24)  when we neglect all configurations except “one-layer” con-
=0 figurations. Then the mean growth velocity can be easily
It can be argued that the parametertws) /(us+w)  calculated as follows:

=g is less than 1. This follows from the observation that Uy Uy — W W,

uz>u andwy<w, i.e., the monomer binds faster and stron- V=dm. (30)

ger to interior of the polymer than to the tip of the leading prrz TR

protofilament. After summation of geometrical series in Eqs.  Now, we can compare the predictions of the full dynam-

(21) and(22), we obtain ics and “one-layer’N=2-model for different values of the
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parametery, which reflects the energy of lateral interactions 1pm
between the protofilaments. We can rewrite the thermody-
namics expression0) in the following form:

0.9
Up=uy/tHd g =yt (- oy fatl E
N
W= Wy, m iyl (a0 gy fa L (31) §0.8
¥
_ ) =
Coefficientsf,, f,, and f; reflect the different values of 7:0‘7
activation energies for specific polymerization and depoly- §
merization processes. These coefficients may be realistically>
estimated as 0.6
—ald<f,;<ald,
05y Tet0  Ter0s  Tetiz  Tetle  Te+20
—(l-ald)<f,<(1—-ald), —1<fz<1. (32

Y
It means that the monome,r attaches faste,r to the pIac;e Wh_eIEﬁB. 5. Ratio of mean growth velocities as a function of the parameter
the stronger lateral bond is created. Similarly, the dissocCiagifferent protofilament shifts withitN=2 model.
tion is slower if a stronger lateral bond should be broken.
For illustration purposes only, we consider the case when
f1=f,=f3=0. The calculations for other possible values of
parameters,, f,, andf; produce qualitatively similar re- V. APPLICATION OF THE ONE-LAYER MODEL
sults. For the model with full dynamics we obtain the fol- FOR THE DESCRIPTION OF EXPERIMENTS

lowing expression for the mean growth velocity: ON MICROTUBULE GROWTH
w y—1 yd It is reasonable to use the “one-layer” model to describe
V:d(u——)(1+7 1+ y2d-1) 33 the growth of microtubules. The comparison between our
approximate results and full dynamics description Nor: 2
In the “one-layer” model the velocity is given by model suggests that the “one-layer” picture works much bet-
W 3/ ter, if the shift between the protofilaments is close to the
V=d|lu— ;)W—l (34) idealistic symmetric case without seam, ia&= d/N. In real

microtubules the shift between the protofilaments is equal to

To compare theoretical predictions it is convenient to analyzé&=0-95 nm, which is relatively close to the distandd.3
the ratio of velocities, which gives us a measure of devia-—0.63 nm, which justifies the application of the “one-layer
tions between approximate and exact approaches. approximate approach. To illustrate our method, we apply

For the ratio of growth rates in two models we obtain the approximate theory to describe the experimental data of
Dogterom and Yurké.In these experiments, the growing mi-

Vv 1 l -1 crotubules encountered a rigid microfabricated barrier, and
one-layer_ 1= 2 7 (35)  the external forces have been calculated from buckling
V=2 1+y %4y -y 1, y>1 shapes of biopolymers for different growth velocities.

To describe this experimental force-velocity relation we
The ratio of velocities for two models is also plotted in Fig. used the following parameters: The raitéor the process of
5 for different values of/d. The simple analysis indicates association of a tubulin subunit to the tip of the leading
that for any values of shift between the protofilaments theprotofilament with a creation of the longitudinélertical
ratio of velocities is approaching 1 for large The conver- bond only, the constarw for the dissociation process from
gence is better with increasing valuesadtl and reaches the the leading protofilament which only breaks the longitudinal
maximum fora/d=0.5, i.e., when protofilaments are shifted bond[see Fig. &) for the biopolymer withN=2 protofila-
by half the subunit length. But even for relatively small mentd; the set of load distribution facto, 1<j<13; and
shifts, a/d=0.1, and realistic values of=e'° (energy of the free energy of creation of lateréiorizonta) bond, gj, .
lateral interaction between protofilaments is of the orderAll ratesu; andw; can be expressed in termswgfw, and the
10kgT), the deviation of the approximate “one-layer” model parametery=exp(—g,/kgT). To simplify the analysis, we
from full dynamics description is less than 10%. Thus thealso assumed that all load distribution factors are equal ex-
“one-layer” model provides a very good approximation for cept §; and 6,3. It reflects the fact that external force may
the full dynamics description of the growth of rigid biopoly- affect differently the rates of removing or adding a subunit at
mer with N=2 protofilaments. the two adjacent protofilaments located at the seam.

A similar microtubule growth model withN=2 The growth velocity has been calculated using E§s.
protofilaments has been considered eatflewhich also and (6). The effect of external forces has been taken into
gives explicit expressions for mean growth velocity and foraccount by using expressio(i2). The ratess; andw; have
the dispersion. However, this model only takes into accounbeen expressed in terms of ratesy, and the parameteyin
the geometrical properties and it mainly neglects the interaca way similar toN=2 case. The resulting force-velocity
tions between the tubulin subunits. curve is shown in Fig. 6. We find that the parameters
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15 — T T T T 7 sion of the growing microtubule was calculated explicitly.
—this work However, this description contradicts the thermodynamic
o 1F>]s((12909071 exp conclusions of the simple phenomenological approach, oth-
— erwise unphysical negative rate constants for depolymeriza-
. tion are predicted.As a result, Kolomeisky and FisHér
concluded, that the stalling state does not represent a thermal
equilibrium. The “one-layer” model easily removes this con-
tradiction by taking into account the interactions between the
] tubulin subunits. Thus, we conclude that when the growth
velocity as a function of external forces goes to zero, the
system is approaching a thermodynamic equilibrium.
T~ The “one-layer” model incorporates many microscopic
properties of microtubules and it allows us to estimate some
6 thermodynamic and structural properties of these biopoly-
mers. The parameteris associated with the lateral energy of
FIG. 6. The force-velocity curve from the experimental data of Dogterominteraction between the protofilaments. From the fits to ex-
and Yurke (Ref. 5. The solid line represents the fit obtained using the perimental measurements we conclude that this energy is
“one_—layer"_ mode_l with Ioad—deper_1dent rate_ constants. The dotted line isgiven byghz —5kBT, which is in excellent agreement with
the fit obtained via phenomenological descriptiétef. 13. the only available estimates &(3.2_5.7}%_[_' obtained
from computer simulations of the stochastic model of micro-
tubule assembly dynami¢& Note, however, that reasonable
u=83 s', w=355st ¢=1 forallj, y=100, fits could also be produced with valuespfanging from 10
36 010"
provide a very satisfactory optimal fit to the Dogterom and ~ Meanwhile the ratio of ratea/w provides information
Yurke experimental data. Furthermore, this fit via the relationon the energy of longitudinal bond in microtubules. At stan-
(14) allows us to predict the stall fordeg=5.5 pN. dard conditiong1 M solution of tubulin this energy can be
As was explained above, our theoretical method alsealculated from
provides a connection with a phenomenological description. ulc
From the experimental fit we calculated the rakgs and g,=—kgTIN——0ginm, (39
Ko » Which are observable rates of polymerization and depo- w
lymerization. Because the individual rates of association dewherec=25 uM is the concentration of free tubulins in ex-
pend on concentration of free tubulin molecules=k;c, at  periments of Dogterom and YurReThe parameteg;, is a
the limit of very large concentrations the mean growth ve-standard free energy of immobilization of a tubulin subunit
locity in the one-layer model is a linear function. This allows in the polymer lattice, which was estimated to be in the range

Mean Velocity (um/min)

3
Load Force (pN)

us to estimaté,, andk,; as follows: of 12— 1&g T.Y" Then, using the fitted values of rateandw
N we obtain thatg,= —(19-25kgT. It is interesting to note
k=N / > kj’l, and Ko = KorCo. (37)  thatlongitudinal interactions_in microtubules are muqh stron-
j=1 ger than the lateral interactions between the protofilaments.

These estimates are in excellent agreement with results of
gFomputer simulations of stochastic models of microtubule
growth?8

wherec, is the critical concentration of tubulin monomers
below which the biopolymer growth cannot happen. It can b
easily calculated from Eq5), ce=[IT}L w; /k;]*N. For ex-
perimental conditions of Dogterom and Yurkeis given by
C.=10.6 M, which is only slightly larger than 2—%M, V. SUMMARY AND CONCLUSIONS
obtained in other experiments on microtubule asserwly.
Calculations from the experimental fit yields the following We constructed a simple stochastic microscopic model
values for phenomenological rates: of the growth of rigid multifilament biopolymers. It was ar-
_ _ _ gued that association/dissociation rates of individual mono-
kon=3.0 s 'uM ™! andky=31.8 s, (38) mers depend strongly on local environment, which leads to
These estimates are in good agreement with independent ethie conclusion that there is a finite number of polymer con-
perimental observations, which pkiy, in the range of 2—10 figurations that specify the dynamics of growing biopoly-
s 'uM™1 while the experimental spread fé; is much  mers. We suggested that most relevant configurations have
larger, between 0.1 and 45 protofilaments at distances less than a monomer length from
It is interesting to compare our results with the descrip-each other, i.e., “one-layer” configurations. As a result, the
tion of microtubule growth under external force using themean growth velocity and dispersion, or the effective diffu-
phenomenological approa¢hKolomeisky and Fishéf suc-  sion constant, was calculated exactly for any number of
cessfully fitted the experimental data of Dogterom and Yurkeprotofilaments and for any shifts between them in terms of
with rate constants consistent with experimental bounds andhte constants for attachments and detachments. It should be
with the prediction of stall forcd=s=4.3 pN (see Fig. noted that simultaneous knowledge of the velocity and dis-
which is slightly smaller than our results. Also, the disper-persion provides a better description of fluctuations and vari-
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ability in biopolymer dynamics. Precise experimental mea+irst, more polymer configurations may be included by con-
surements of these properties would provide a valuablsidering a “two-layer” condition, i.e., that the protofilaments
information on the growth mechanisms. in relevant configurations are at distances less than two

Our approximate theoretical approach easily takes intanonomer subunit lengths. More layers can be added in a
account the effect of external forces on growing biopoly-similar fashion if required. Thus the results can be improved
mers. It could be done by modifying rate constants usingteratively, i.e., this extension is analogous to a series expan-
chemical-kinetic arguments. It allowed us then to construct aion approach to the full dynamics description. Second the
force-velocity relation and to estimate the stalling force, i.e.,apparently weaker interactions at the polymer lattice seam
the force when the growth velocity becomes zero. It wascan be also incorporated. It will be interesting to know how
suggested that the comparison with experimental forcethis addition will effect the growth dynamics. Another pos-
velocity curves would provide a testing ground for this the-sibility is to include tubulin hydrolysis in growth dynamics.
oretical method. This may give a route to investigate the dynamic instability

Explicit expressions for the mean growth velocity andphenomena, which is still the most outstanding problem in
for dispersion obtained in the “one-layer” model allowed us the microtubule dynamics. Also, it will be interesting to com-
to investigate the dependence of growth processes on monpare the “one-layer” model with computer simulations of
mers concentration. It is found that at large concentrationsnicrotubule dynamics, which we plan to do in a future work.
the mean growth velocity grows linearly, in agreement with
phenomen_olo_g]cal descrlppons. Howgver,_at low ConcentraACKNOWLEDGMENTS
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