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ABSTRACT: It is widely believed that DNA supercoiling plays an
important role in the regulation of transcriptional dynamics. Recent
studies show that it could affect transcription not only through the
buildup and relaxation of torsional strain on DNA strands but also via
effective long-range supercoiling-mediated interactions between RNA
polymerase (RNAP) molecules. Here, we present a theoretical study that
quantitatively analyzes the effect of long-range RNAP cooperation in
transcription dynamics. Our minimal chemical-kinetic model assumes
that one or two RNAP molecules can simultaneously participate in the
transcription, and it takes into account their binding to and dissociation
from DNA. It also explicitly accounts for competition between the
supercoiling buildup that reduces the RNA elongation speed and gyrase
binding that rescues the RNA synthesis. The full analytical solution of the
model accompanied by Monte Carlo computer simulations predicts that
the system should exhibit transcriptional bursting dynamics, in agreement with experimental observations. The analysis also revealed
that when there are two polymerases participating in the elongation rather than one, the transcription process becomes much more
efficient since the level of stochastic noise decreases while more RNA transcripts are produced. Our theoretical investigation clarifies
molecular aspects of the supercoiling-mediated RNAP cooperativity during transcription.

B INTRODUCTION elongation, as the RNAP moves along the DNA strand

Transcription is the first step in a fundamental process of the produci.ng RNA copies of DNA, it applies a torque 6<1r118D Na,
transfer of genetic information where specific enzymatic ger.le.ratmg twists known as DNA super@lhng. The
molecules, known as RNA polymerases (RNAPs), copy twisting of the DNA behind the RNAP is called negative

segments of DNA, transforming them into messenger RNA supercoiling, while the twisting in front of the RNAP is known
transcripts.l_3 Because of its critical importance for all living as positive supercoiling. These processes can be quantitatively
organisms, this process has been extensively studied using described, for example, by the twin-supercoiled-domain
multiple biochemical and biophysical methods.*” Recent model.”” The accumulation of supercoiling can gradually
experimental advances allowed researchers to monitor tran- become a mechanical barrier for the polymerase, eventually
scription processes both in vivo and in vitro, with stalling it and hindering the elongation.5’16’23 The stalled
unprecedented spatial and temporal resolutions.””*'" These RNAP is rescued once the supercoiling is released either by the
studies revealed that in bacteria, highly ex})ressed genes are binding of topoisomerases5’16’22’23 or via mechanical relaxa-
transcribed in stochastic bursts of activity,g_ * which are called tion.” In particular, in vitro single-molecule studies in bacteria
transcriptional bursting. It has been suggested that this have shown that negative supercoiling is quickly released by an
phenomenon is the main source of gene expression variability enzyme Topo I, a prokaryotic type IA topoisomerase, which is
and it might be an important contributing factor to phenotype abundant under typical cellular conditions, while the positive

diversity, helping organisms to adapt and survive under
variable environmental conditions."*~"

The molecular mechanisms responsible for the transcrip-
tional bursting remain unclear. Most likely, it is a result of
multiple independent factors.>”'° At the same time, there are a
large number of experimental pieces of evidence pointing to
the importance of the mechanics of chromosomal DNA and its
influence on transcription regulation that might lead to the
bursting phenomenon.'™>" Specifically, in vitro single-
molecule studies revealed that during the transcription

supercoiling is released by a less-abundant type II topoisomer-
ase molecule known as a gyrase. This leads to a buildup of the
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positive supercoiling and gradual reduction in the RNA
synthesis.”'®** Note that the bacterial Topo IA should not
be confused with the eukaryotic topoisomerase Topo IB which
can release both positive and negative superhelical strains. The
recent chemical-kinetic mechanochemical model has shown
that such interplay between the mechanical process of
supercoiling generation and chemical enzymatic process of
supercoiling release can lead to noisy or “bursting” tran-
scription dynamics.”* Thus, the single-molecule studies and
closely related theoretical investigations have elucidated the
various aspects of how single RNAP participates in the
elongation and influences the transcription dynam-
s 6:9716,19,24-26

Under realistic cellular conditions, however, most genes are
typically transcribed simultaneously by multiple RNAP
molecules. Moreover, a recent in vitro study revealed that the
amount of DNA twists generated by transcription of mere 150
bases, which is much less than a typical length of a gene, is
enough to stall an RNAP elongation complex.”” It is unclear
then whether the tremendous amount of the torsional stress
generated by many RNAPs transcribing DNA simultaneously
could be resolved by Topo IA alone.”” In other words, the
supercoiling created by multiple RNAPs would prevent them
from synthesizing the RNA molecules, but this does not
happen in real cells. Therefore, it was suggested that there is
another in vivo mechanism, such as the long-range RNAP
cooperation, that likely plays a role in making sure that RNAPs
can continue transcription despite the buildup of torsional
stress.””*"** In addition, a recent study found that in
Escherichia coli bacteria, the transcriptional elongation by
multiple RNAPs is even faster than that by a single RNAP and
the elongation rate is independent of the RNAP density as long
as two or more RNAPs are present.zo’21 These results suggest
that polymerases probably can effectively interact over long
distances, and transcription-induced DNA supercoiling might
be one of the possible sources for such effective interactions. A
possible mechanism of RNAP cooperation during tran-
scription, where the negative supercoiling of the leading
polymerase and the positive supercoiling of the trailing
polymerase annihilate each other resulting in an eflicient
elongation by multiple polymerases, has been introduced, but
only qualitative arguments were given.”> Other ideas of
potential cooperation mechanisms have been also presented.””
However, the molecular mechanisms of cooperativity between
RNAPs during the transcription remain not well understood.”!

In this work, we developed a discrete-state stochastic model
of RNAP cooperation in transcription, which is driven by the
long-range supercoiling-mediated effective interactions. In our
approach, transcription might happen when one or two RNAP
molecules are present on DNA. The model assumes that upon
encountering supercoiling, the leading polymerase relaxes the
mechanical strain on the DNA behind itself such that the
trailing polymerase can proceed unimpeded. It also includes
the effects of RNAP binding and dissociation, RNA production
and degradation, and the mechanochemical coupling between
the supercoiling buildup and the synthesis of RNA transcripts.
Our explicit analytical calculations, supported by Monte Carlo
computer simulations, show that multiple RNAPs are more
effective in producing RNAs than a single polymerase while at
the same time lowering the level of stochastic fluctuations in
the system. Thus, our theoretical model quantitatively explains
the need for multiple RNAPs in the transcription processes.
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B THEORETICAL MODEL

To understand the microscopic mechanism of cooperativity
between RNAPs, we develop a discrete-state stochastic model
that incorporates the most relevant physicochemical processes
that take place during transcription. They include synthesis and
degradation of RNA transcripts, supercoiling buildup due to
the activity of RNAPs that move in a helical fashion along the
DNA chains, supercoiling release due to the enzymatic action
of gyrases, and polymerase binding and dissociation events. In
the model, we consider a situation when either one or two
RNAPs transcribe the DNA, as illustrated in Figure 1. This

Figure 1. Schematic view of the model to evaluate the role of
cooperativity between RNAPs during transcription. Either one or two
RNAPs transcribe the DNA, while creating negative and positive
supercoiling regions. The top figure shows an instance when a single
polymerase is present on the DNA, while the bottom figure depicts
the case when two polymerases are present.

allows us to explicitly quantify the effect of cooperativity when
two polymerases are present in comparison with the single-
RNAP transcription. It is assumed that Topo IA binds to the
region of DNA upstream of the trailing RNAP molecule
releasing the negative supercoiling, while the gyrase binds
downstream of the leading RNAP releasing the positive
supercoiling: see Figure 1. All other possible attachments of
enzyme molecules to DNA are neglected in our theoretical
approach. As a result of these assumptions, only the variation
in effective RNA synthesis rate from positive supercoiling
fluctuations is taken into account, while the synthesis rate-
altering effects of the underlying negative superhelical density
of DNA are not included in the model.

Physicochemical transformations during the transcription
process lead to the existence of multiple states, and in Figure 2,
we present a detailed chemical-kinetic scheme for the model. It
has two planes of chemical states: a plane where there is one
polymerase on DNA (1 RNAP plane) shown on the top of
Figure 2 and a plane where there are two polymerases on DNA
(2 RNAP plane) shown on the bottom of Figure 2. The
transitions between the corresponding states on different
planes can happen when the RNAP attaches to DNA with a
rate r,, or dissociates from the strand with a rate r g The
produced RNA molecule can be degraded with a rate 3, which
is the same in all states of the system. In the absence of DNA
supercoiling, when the gyrase is bound, a synthesis rate for a
single RNA by one polymerase is equal to a. However, when
the gyrase is detached from DNA, each additional produced
RNA leads to a buildup of DNA supercoiling in front of the
RNAP, and this slows down the RNA synthesis rate by a factor
1/y*!. Here, j is the number of RNA molecules produced after
the gyrase detached from DNA, and y = exp(e/kgT) with €
being the additional energy needed to produce one transcript

https://doi.org/10.1021/acs.jpcb.1c01859
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Figure 2. Chemical kinetic scheme for the model. The number of
RNAs produced in the system is labeled as 0, 1, ... n, n + 1, ... The
RNA synthesis rate by one RNAP is ¢, the RNA degradation rate is 3,
the gyrase binding to DNA rate is k,,, the gyrase dissociation rate is
k. the RNAP binding to DNA rate is r,,,, the RNAP dissociation rate
is 7o and y is how much supercoiling influences the elongation rate.
The model describes a scenario where either one or two RNAPs
participate in the transcription. 1 RNAP plane represents the case
when there is one polymerase, and 2 RNAP plane is the case when
there are two polymerases producing RNA transcripts. The model has
the following states: two ON states where the gyrase is bound—one
in each plane, as well as two sets of j states where (j =0, 1, ..., 00) is
the number of transcripts made after the gyrase detached—a set in
each plane.

under supercoiling conditions. However, only the leading
polymerase is slowed down due to the supercoiling. For the
trailing RNAP, the positive buildup in supercoiling is canceled
by the negative contribution from the leading RNA, and this
polymerase can proceed then unhindered. Therefore, the
trailing RNAP has the original RNA synthesis rate a. The
gyrase binding rate is defined as k,,, and the gyrase detachment
rate is defined as k,g Thus, in the 1 RNAP plane, the active
transcription ON states specify the situation when the gyrase is
attached to DNA and a single RNAP transcribes with the rate
a. When the gyrase detaches, the system moves into a series of
j states with the reduced RNA production rate a/y [Figure 2
(top)]. In the 2 RNAP plane, the two polymerases synthesize
RNAs with a combined rate of 2a when supercoiling is
suppressed by gyrase (ON states). However, without the
gyrase, the combined RNA production rate is a + a/y'*', where
j is the number of RNAs produced since the dissociation of the
gyrase [Figure 2 (bottom)].

An important advantage of our theoretical approach is that it
explicitly takes into account the coupling between chemical
processes of RNA synthesis and mechanical processes of
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supercoiling buildup in a thermodynamically consistent way. It
is done by utilizing the parameter y = exp(e/kzT), which
reduces the synthesis rate according to the degree of
supercoiling that can be measured using the variable j. The
energetic parameter & describes an additional work that the
RNAP molecule needs to do in order to catalyze the formation
of an RNA molecule in the presence of mechanical stress on
DNA. Because in the presence of supercoiling the RNA
synthesis rate gets reduced by an exponentially growing factor,
any number of RNA molecules can be produced in our model,
but the probability of having many RNA transcripts
exponentially decreases with the degree of the mechanical
stress in the system. This eliminates the need for introducing
an artificial cutoff on the number of synthesized RNA
molecules.'”**

The dynamic processes in the system can be described by a
system of master equations for each individual chemical state

dP_(1; n,t
% =aR,(lin—1,t) + (n+ DR,(1; n + 1, t)
+ konz P](l) n, t) + roffR)n(z; n, t)
j=0
—(a+nf+kyg+r,)P.(1;n,t) (1)
dP(1; n, t
dRLin t) (n+ 1)AR(1; n + 1, t)
dt
+ koffRan(h n, t) + roffH)(25 n, t)
—(a/y +nfp+ k,, + ., )B(1;n,t)  (2)
dP(1; n, t) .
j ) )
———— =a/y'P_(;n—1,t
dt y j 1( ) ) )
+ (n+ 1)P(L; n + 1, t) + r,qP(2; n, t)
— (a/y"™ + n + ko + 1,)B(1; 1, £)
(3)
dP_(2; n, t
% =20R,(2; n = 1,8) + (n+ PR, (25 n + 1, 1)

(o)
+ konz P(2;5 n, 1) + 1, P(1; m, t)
j=0

- (26{ + nﬂ + koff + roff)Pon(Z; n, t)

(4)

dRQin ) _ (n+ 1PR(2;n+ 1, t)

dt
+ kogP,(2; n, t) + 1 P(1; n, t)
— ((a+aly) + nf + ko, + r,g)R(2; 1, )
)
dI;(Z; n, t) )
- (a+aly)P_\(2;n—1,t)

+ (n+ 1)BP(2;n + 1, t) + 1,,P(1; n, t)

- ((a+ a/y™™) + np + k,, + roit)P(2; 1, t)
(6)
where P, (1;n,t) is defined as the probability density function
of being in the ON state on the 1 RNAP plane with # RNAs at
time t, and P;(1;n,t) is a probability density function to find the
system on the 1 RNAP plane and the state j (j =0, 1, ...) with n
RNA molecules at the time t. Similarly, P, (2;n,t) and Pj(2;n,t)
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have analogous definitions but for the 2 RNAP plane. For
simplicity, the ¢ will be dropped in the subsequent discussions.
These master equations reflect the dynamic evolution of
molecular fluxes between different chemical states in tran-
scription. Assuming that the system can reach the steady state
(t = o0), the dynamic quantities in this model can be exylicitly
evaluated using the generating functions method,**° as
explained in detail in the Supporting Information.

To understand better some dynamic features of the system,
it is convenient to consider a reduced chemical-kinetic scheme
presented in Figure 3. We combine all ON states on the 1

1 RNAP Plane 2 RNAP Plane

Fon
ON(1)| =" | ON(2)
Foff
kon‘ \koff I(on‘ \koff
Fon
(1) |——— | (2)
Foff

Figure 3. Reduced chemical-kinetic scheme for the model of
collective dynamics of RNAPs during transcription. Macrostate
(ON,1) describes all chemical states when the gyrase is bound and
only one RNAP transcribes. Macrostate (ON;,2) describes all chemical
states when the gyrase is bound and two RNAPs transcribe.
Macrostate (1) describes all chemical states when the gyrase is
unbound and only one RNAP transcribes. Macrostate (2) describes
all chemical states when the gyrase is unbound and two RNAPs
transcribe.

RNAP plane as a new macrostate labeled as ON(1) (see
Figures 2 and 3). Now, for each j, we can also combine all
chemical states with the fixed j and label them as j(1). After
that, we combine together all j states into a new macrostate (1)
(for all j). Similarly, for the 2 RNAP plane, we create a new
macrostate ON(2) and states j(2) that we eventually combine
in a new macrostate (2). Then, in the stationary state, the
probability to find the system in the macrostate ON(1) is
P,.(1) = Y,P,.(1;n), and the probability to be found in the
state j(1) is Pi(l) = Z,‘ﬁon(l;n), while the probability to have
the system in the macrostate (1) is P(1) = Z}’;’OP]-(I). Similarly,
the stationary state probabilities for the macrostate ON(2) and
i) are Py(2) = B2oPu(2m) and B2) = S2oP(2m),
respectively, while the probability for the macrostate (2) is
P(2) = Y %P(2). We note that once the system reaches the
steady state, there is going to be zero net flux between the
macrostates (see Figure 3), although there still could be non-
zero molecular fluxes between individual chemical states
illustrated in Figure 2. Also, the normalization requires that

3 [P(1) + PQ)] + By(1) + By(2) = 1
j=0

7)
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Using this result and zero-net-flux conditions, we can
determine the stationary state probabilities for these macro-
states

c
P(l)=—"—"——
R T T ®
Py = —1°
(1+7)(1+0) ©)
1
W)= T (10)
_ 14
g g (1)
where y = kg/k,, is the equilibrium constant for the gyrase

dissociation and ¢ = rg/r,, is the equilibrium constant for the
polymerase dissociation.

As shown in detail in the Supporting Information, the
stationary state probabilities for individual j states can be
calculated, producing

koff(kon + Toff +a+ a/y)Pon(l) + roffkoffpon(z)

P(1) =

’ Ig I
(12)

ko (Kon + 1on + @/y)P,(2 kogPyn(1
PO(Z) — off( on 7'4;mF a/y) on( ) + Ton of;on( )
0 0
(13)
where

[ = (ko + @/y) (ko + a + aly) + r(a + aly + k)

+ rglaly + k) (14)
Also, it can be shown that
aly'(a+ a/y™™ +k,, + roe)P_1(1)
p(1) =
y
roe(@ + a/y)P_,(2)
+
y (15)
(@ + a/y)(a/y™* + k,, + 1, )P_,(2)
PI(Z) - y y j—1
I
j
+ rona/yjpj—l(l)
y (16)
with
U= (ky + a/y" ) (ky + a + a/y'™)
(17)

These expressions allow us to exactly evaluate stationary
probabilities for all chemical states, from which the dynamic
properties can be derived.

Theoretical calculations also yield the average number of the
produced RNA molecules in the system under the stationary
conditions (see the Supporting Information)
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(n) = 3{ B (1) + 2B,(2) + 3 ﬁpjm
j=0

(1 +
Y (18)

where x = a/f is the equilibrium constant for the RNA
synthesis. Moreover, the second moment of the probability
distribution function with respect to n can be found, allowing
us to calculate a Fano factor F, which is a dimensionless ratio
of the variance and mean

_ ) =y
(n) (19)

This is an important quantity because it provides a
convenient measure of the stochastic fluctuations and noise
in the system.

For the second moment, we have (see the Supporting
Information)

D)

j=0

1
j+1

8

F

(n) = (n) +a{f, (1) + 2 (2) + ),
j=0

]/,(2)\

)

o0
1
+ [1 + =
=0 y

(20)
where the coefficients f are given by
F)= APy (1) (rogr + 1on) (kon + kog + B + 1) + 2aB,(D)rog(rog + 100)
o (roge + 1on) (B + kogg + ko + 1oge + 1) (B + ko + ko)
n (Mroikon(B + kot + kon + o + Ton)
(e + o) (B + ko + ko + 1o + 1) (B + kg + k) (21)
f (2) _ apon(l)ron(yoff + ron) + zapon(z)(roff + ron)(kon + koff + ﬁ + ron)
on T (roge + 1on) (B + ko + ko + 1oge + 1) (B + ko + ko)
(M ronkon(kon + Kot + B + 10 + 1)
(e + 7o) (B + Kogp + kon + 1o + 1) (B + ko + ko) (22)
Q)= (B + kou + 1 + a + a/y)koef, (1) + rogkogf, (2)
O T (Bt ko 1oy + /) (B Ky + 1+ @+ @fy) — Ty
(23)
@) (B + kop + 10 + a/Pkof, (2) + rokogf, (1)
6@ = B+ koy + 100 +a/y)(B+ koy+ 1+ a+aly) — rygr,
(24)

In addition, we have

£
(B kot g+ at aly")(a/y)B_ (1) + rgla + a/y)P_,(2)
(B4 ko + 1o+ a/y™B + ko + 1 + @ + afy’™h) = rgr,
(B + kgp 1o+ a + afy™ ) a/y))f (1) + rgla + a/y))f,_,(2)
B+ koy+ 1o+ /Yy B+ ko + g + @ + a/y/™) = rgr,

(25)

(B + ko + 1o + a/y" (@ + a/y))P_,(2) + 1, (a/y)P_,(1)
P (Bt kg + 1y + /Y TYB A Ky g + @+ a/y ) = g,
.\ B+ ky+ 1+ aly™ e+ aly))f | (2) + r(a/y))f_ (1)
(B+ ko + 1o + /Y (B + ko + 1 + @ + a/y™) = rgry
(26)
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Please also note that explicit expressions for all coefficients f
have been obtained assuming that polymerase bindings and
unbindings take place quite frequently in comparison with
other processes. To supplement the analytical calculations, we
also investigated the RNAP cooperation model using Monte
Carlo computer simulations based on a Gillespie algorithm.>

B RESULTS AND DISCUSSION

Our theoretical approach allows us to evaluate the distributions
of produced RNA molecules and the degree of supercoiling.
The results are presented in Figure 4. One can see that
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Figure 4. Probability distributions of (a) produced RNA transcripts,
n, and (b) degree of supercoiling, which is measured as the number of
transcripts j produced after gyrase dissociated from the DNA.
Symbols are from computer simulations, and solid curves are from
analytical calculations. In (a), the triangles indicate the means of the
distributions of the corresponding color. The parameters used in
computations are @ = 15 s, f=1s"} r =rs=10s"" y= 1.1, k,, =
kot = 157! (green), and k,, = kog = 0.1 s (blue).

depending on the parameter choice, two drastically different
behaviors might be observed. When the rates of the gyrase
association and dissociation are slow in comparison with other
processes, the system has enough time to spend in the ON
states (with one or two RNAPs) where the RNA synthesis is
quite fast as well as in the j states (with one or two RNAPs)
where the RNA synthesis is slower due to supercoiling buildup.
This leads to bimodal distribution in the production of RNA
transcripts (blue curves in Figure 4a). The peak at a higher
value of n corresponds to the system being in one of the ON
states, while the peak at a smaller n describes the elongation
with the resistive supercoiling action (j states). However, when
the binding/unbinding dynamics of the gyrase molecules
becomes quite fast, the distribution of produced RNA becomes
unimodal (green curve in Figure 4a). In this case, the system is
not able to explore fully ON states and j states. Because of the
fast transitions of the gyrase, the system can be viewed as
operating in a combined equilibrium biochemical state where
all the transition rates are averaged out over the states with the
gyrase and without, leading to a single peak in .

The dynamics of the gyrase binding/unbinding also
influences the distribution of the degree of supercoiling that
can be reached in the system, as shown in Figure 4b. We
specifically associate the parameter j with the degree of
supercoiling. This is because it counts the number of produced
RNA transcripts after gyrase dissociates, while the synthesis of
every new RNA molecule adds the same amount of
supercoiling to the DNA template. One can see that when
the gyrase association/dissociation dynamics is slow, a wide
distribution in j is observed (blue curve, Figure 4b). For fast
gyrase dynamics, however, the distribution is much narrower
(green curve, Figure 4b). These observations can be explained
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using the following arguments. For slow association/dissoci-
ation rates of the gyrase, significant times are spent in the j
states when the RNA is synthesized, but the degree of
supercoiling also increases. This allows the system to reach
much larger values of j. However, for fast gyrase dynamics, the
system does not have enough time to explore the large j region
before resetting to the ON state, and this leads to the narrow
distribution of the degree of supercoiling with the peak at j = 0.

An important role in our model is played by the parameter y,
which determines how the RNA elongation rate decreases with
supercoiling. One can think of y as a mechanochemical
coupling parameter that quantifies how the mechanical energy
of supercoiling buildup affects the chemical reaction of RNA
synthesis. When y = 1, the supercoiling does not influence the
RNA production, but for y > 1, supercoiling dampens the
transcription elongation. Thus, as y increases, the average
number of RNA transcripts in the system is expected to
decrease, as shown in Figure Sa. The effect is stronger if the
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Figure 5. (a) Average number of transcripts and (b) Fano factor vs
the level of mechanochemical coupling, y. A system with a fast RNA
production rate is shown in green (a = 10), a medium rate in red (@ =
5), and a slow rate in blue (a 1.0). Simulation results are
represented by circles and analytical calculations by solid lines. Other
parameters used are ff = 1, k,, = kg = 10, and r,, = rog = S0.

initial synthesis rate « is larger. Eventually, for very large values
of y, the saturation value of the mean number of produced
RNA transcripts is achieved. It corresponds to a balance
between the ON states when the synthesis takes place
unopposed and the j states where only the RNA degradation
takes place for y > 1.

A more complex non-monotonic behavior is observed for
the dependence of the Fano factor as a function of the
mechanochemical coupling. As the parameter y starts to
increase, the Fano factor F first goes down slightly before
increasing at larger values of y. Surprisingly, the value of F can
even go below 1. This can be understood by recalling the
definition of the Fano factor given in eq 19. When the
supercoiling starts to affect the elongation rates (for y slightly
above 1), there is a strong initial decrease in the mean number
of produced RNA molecules, as shown in Figure Sa. This
lowers the numerator in eq 19 much more than the
denominator in the same expression, lowering the overall
noise in the system. This result leads to an important
prediction that there is an optimal level of mechanochemical
coupling that allows the system to minimize noise while
maintaining a significant production of RNA transcripts. It is
interesting to note that for the real bacterial systems,'® the
estimated values of the parameter y ~ 1.6—1.9 are very close to
this optimal range of parameters.”* We can speculate then that
one of the possible roles of collective dynamics of RNAPs
might be not only to increase the production of RNA
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transcripts but also to use the supercoiling to minimize the
level of noise in the system.

The gyrase molecules play an important role in our model
since they occasionally release supercoiling, lowering the
dampening effect that a mechanochemical coupling has on
RNA production. In Figure 6, we present the results of our
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Figure 6. (a) Average number of RNA transcripts and (b) Fano factor
as a function of the equilibrium constant for gyrase dissociation, y =
kog/kon. A system with no mechanochemical coupling is shown in
black (y = 1), a low level of coupling is shown in red (y = 1.1), a
medium level is shown in green (y = 1.5), and the high level is shown
in blue (y = 100). Symbols represent simulation results, and solid lines
are analytical predictions. Other parameters used in the analysis are
=15, =1, and ry, = ryg = 50.

calculations on how varying the equilibrium constant of gyrase
dissociation y = k.4/k,, influences the mean number of RNA
transcripts produced and the Fano factor. If y is small, the
gyrase binding rate is faster than the dissociation rate and the
system is mostly found in the ON states, resulting in a higher
average number of RNA transcripts. On the other hand, if y is
high, the gyrase dissociation rate dominates and the system
tends to explore more j states, leading to a lower mean number
of produced RNA molecules. However, if there is no coupling
between supercoiling and RNA production (y = 1), the average
number will not change regardless of the value of y. Also, as
expected, the effect of varying y is larger when the
mechanochemical coupling is stronger (large y): see Figure 6a.

The dependence of the gyrase association/dissociation
dynamics on the Fano factor is more complex (Figure 6b).
One can see that the stochastic fluctuations are the largest
when the gyrase binding and dissociation rates are comparable
(y = 1). This happens because in this case, the system has
access to the greatest number of chemical states. On the other
hand, when the gyrase binding rate is greater than the
dissociation rate, the system can be found mostly in the ON
states with y-independent RNA synthesis rates. Thus, as y
approaches 0, the Fano factor curves for different values of y
converge to the same value F = 1. When y is large, the system
mostly explores the y-dependent j states. As expected, the level
of stochastic noise in the system depends on the value of the
mechanochemical coupling y. When y is large, the mean is
small compared to the variance in the distribution, leading to
higher Fano factors. When y is small, the mean is large
compared to the variance, leading to lower Fano factors. For
realistic values of the gyrase equilibrium constant, we expect y
< 1, suggesting that the transcription will be very efficient with
relatively low stochastic noise.

To test the importance of collective dynamics of RNAPs, we
calculated the dynamic properties of the system as a function
of the RNAP dissociation equilibrium constant ¢ = rog/r,,, as
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Figure 7. (a) Average number of the RNA transcripts and (b) Fano
factor as a function of the RNAP dissociation equilibrium constant, &
= Fof/Ton- A system with no mechanochemical coupling is shown in
black (y = 1), a low level of coupling is shown in red (y = 1.1), a
medium level is shown in green (y = 1.5), and a high level is shown in
blue (y = 100). The parameters used in our analysis are @ = 15 57", 8
=1sYand k,, = kg =154

RNA production is quite high (Figure 7a). However, the
situation is the opposite in the limit of high 6 when mostly one
RNAP participates in transcription elongation. This signifi-
cantly lowers the production of RNA molecules. The
calculations also show that increasing the level of the
mechanochemical coupling generally lowers the average
synthesis rate.

One interesting finding of our theoretical analysis is that for
non-zero mechanochemical coupling (y > 1), a system with
mostly two active polymerases has less stochastic noise than a
system with mostly one active polymerase: see Figure 6b. This
appears to be counter-intuitive because transcription with two
polymerases is more complex due to a larger number of
chemical states involved, and therefore, it is expected to have
more fluctuations. However, in the two-polymerase system (o
< 1), the cooperation between polymerases ensures that the
variance in the number of produced RNA transcripts is similar
to the mean number of transcripts. This is because the
synthesis rates vary between @ and 2a. On the other hand, in
the system with only one RNAP (6 > 1), the variance is kept
on the same level (the synthesis rates are between zero and a),
but the mean number of RNA transcripts is significantly
smaller, resulting in a greater Fano factor. However, this effect
disappears as y approaches 1 because in this case, there is no
range in the synthesis rates in either limit. In the one-
polymerase case, the rate is a in all states, while in the case
with two polymerases, all states have a synthesis rate 2a. When
this happens, the system can be effectively viewed as a single
biochemical state, resulting in Poisson dynamics with a
signature Fano factor being equal to 1 (Figure 7b).

The important conclusion from our analysis, as illustrated by
Figure 7, is that increasing the number of cooperative events
(decreasing ) has two beneficial effects on transcription. First,
it increases the overall production rate of RNA transcripts, and
second, it lowers the stochastic noise. Both features make the
transcription processes in the presence of multiple RNAPs
more efficient.

To better understand the effect of collective dynamics of
RNAPs in transcription, in Figure 8, we plot the Fano factor
versus the mean number of RNA transcripts for models with
and without cooperativity for different levels of the
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to the system with no mechanochemical coupling (y = 1), the low
level of the coupling is represented by squares (y = 1.1), and the
higher level of the coupling is shown in circles (y = 1.5). Symbols are
from computer simulations, and solid curves are from analytical
calculations. The parameters used in our calculations are = 157, k,,,

=kyg=1s" and r,, = ryg = 50 s~

mechanochemical coupling. It is found that there is little
difference between the cooperative and zero-cooperativity
models when there is no mechanochemical coupling (y = 1).
However, for more realistic situations of weak or moderate
mechanochemical couplings, the cooperative models signifi-
cantly outperform the non-cooperative models: see Figure 8.
For the same level of stochastic noise, the cooperativity leads
to a larger production of RNA molecules. In addition, for the
same level of RNA synthesis, cooperativity reduces the noise in
the system. These observations suggest that during tran-
scription in cells, the polymerases might effectively interact
with each other over long distances, which allows them to
make transcription a very efficient biological process.

To show the relevance of our theoretical model for real
biological systems, in Figure 9, we present the experimental
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Figure 9. Comparison of the Fano factor vs mean experimental data
from different genes in E. coli bacteria with theoretical predictions
from the cooperative model. Experimental data for different
promoters are in gray.'' Theoretical predictions are in red. Symbols
are from computer simulations, and curves are due to analytical
calculations. The following parameters were used in computations:
=1.0X 107257, ko = kog= LOX 107571 7y = rop= 1.0 X 107* 57,
y = 1.1, and variable values of a.

data of the Fano factor and the mean RNA production for a
variety of different genes in E. coli bacteria."" These data show
that the Fano factor is more or less constant for relatively low
mean numbers, but it starts to grow fast for a larger mean. Our
theoretical model can capture this trend, as shown in Figure 9.
We found a set of reasonable parameters that can well describe
the dependence between F and (n) for E. coli bacteria. This is
another indication that cooperativity might be an important
feature of transcription in real biological systems.
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B SUMMARY AND CONCLUSIONS

We developed a discrete-state stochastic model of the
collective motion of RNAPs that exhibit long-range super-
coiling-mediated interactions. It allowed us to quantitatively
investigate the effect of RNAP’s cooperativity on transcription
dynamics. Our minimal theoretical model takes into account
the most relevant physicochemical processes in transcription
elongation such as the polymerase binding and dissociation,
the supercoiling buildup and release due to the reversible
attachments of the gyrases, and the RNA synthesis and
degradation. The model is solved analytically, and theoretical
calculations are fully supported by Monte Carlo computer
simulations. Our theoretical analysis shows that the system
might exhibit transcriptional bursting dynamics as evidenced
by the bimodal probability distributions of the produced RNA
transcripts for a certain range of parameters. The analysis
suggested that there is an optimal level of mechanochemical
coupling between the supercoiling buildup and the RNA
synthesis slowdown when the level of the stochastic noise is
minimized and the average number of the produced transcripts
is maximized. It is concluded then that the supercoiling-
mediated RNAP cooperativity has two major effects in
transcription, that is, the increase in the RNA production
accompanied by the reduction in the level of the noise.
Furthermore, it is shown that our theoretical model can
provide an excellent description of experimental data on
transcription in bacterial systems.

Although our theoretical model is able to capture the main
teatures of the RNAP cooperativity during transcription, it is
clearly oversimplified and discussions on the validity of utilized
approximations are needed. The model approximates the RNA
synthesis as a one-step chemical transition, but in reality, it
involves multiple biochemical steps and transformations with
the assistance of many other protein molecules.”” We also
assumed that the gyrase binding to DNA results in the
immediate release of positive supercoiling. However, this might
not be the case as indicated by recent experimental
measurements'® and theoretical arguments.*” It was suggested
that the supercoiling relaxation might be a slow process and
that this might influence the effective interactions between
polymerases. Moreover, the model simply assumes that the
frequent binding of Topo IA in the negatively supercoiled
region of the DNA releases the negative supercoiling and that
the less-frequent binding of gyrase in the positively supercoiled
region releases the positive supercoiling. Therefore, the model
does not account for the effects that might result from Topo IA
and gyrase binding to other regions on the DNA. In addition,
our model does not consider the fact that in vivo DNA
generally has a non-neutral superhelical state that helps
regulate gene expression.”””" Finally, the model assumes that
only one or two polymerases participate in transcription, while
in a real cellular environment, there may be none or there may
be large numbers of RNAPs transcribing at the same time. Our
theoretical method, however, can be modified and generalized
to take this into account. However, we believe that this will not
change the main conclusions of the analysis. In addition, in our
analysis, we neglected the possibility of RNAPs bumping into
each other because of the effective 1D nature of transcription.
It will be important to consider this effect in a more detailed
microscopic study of transcription that views the elongation as
multiple transitions along the DNA chain. Despite these
limitations, our theoretical approach clarifies the microscopic
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mechanisms of cooperativity during transcription providing
explicit theoretical predictions that can be tested in experi-
ments.
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