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ABSTRACT: Biological cells frequently exhibit a so-called secondary active
transport by moving various species across their membranes. In this mode of
transport, an energetically favorable transmembrane gradient of one type of
molecule is used to drive another type of molecule in the energetically unfavorable
direction against their gradient. Although it is well established that conformational
transitions play a critical role in functioning of transporters, the molecular details of
underlying mechanisms remain not well understood. Here, we utilize a recently
developed theoretical method to understand better the microscopic picture of
secondary active transport. Specifically, we evaluate how mutations in different parts
of transporters affect their dynamic properties. In addition, we present a possible
explanation on existence of different stoichiometries in the secondary active
transport. Our theoretical analysis clarifies several important aspects of complex
biological transport phenomena.

All living systems are built as collections of various
organism-specific small compartments that are known as

biological cells. These cells are surrounded by membranes that
provide an effective protection for processing and regulating
the fundamental genetic processes.1,2 At the same time, the
nonequilibrium nature of biological systems requires that some
materials be transported in and out of cells by crossing the
membranes.3 For example, this is needed for sending biological
signals, for supplying nutrients, and for removal of waste
molecules.3−10 In most cases, this requires an energy input
because the involved molecules are large (e.g., sugars,
nucleotides, or amino acids), and frequently they must be
translocated against their established transmembrane gra-
dients.3,11

To support the molecular translocation across the cellular
membranes, nature has developed several approaches. One of
the most interesting of these approaches is called secondary
active transport or cotransport.3,11,12 The main idea here is to
couple the energetically favorable motion of the first type of
molecules to energetically unfavorable motion of the second
type of molecules. This is because the first type of molecules,
the driving species, would translocate in the direction of their
gradient and provide the necessary energy for the second type
of molecules, the driven species, to move against their gradient.
There are two types of membrane protein channels that
support the secondary active transport.11,13,14 When the
direction of fluxes of driving and driven species coincide, the
corresponding channels are known as symporters, while when
the corresponding fluxes are the opposite directions such
channels are known as antiporters.

The processes associated with secondary active transport in
biological cells have been intensively investigated by using a
wide spectrum of experimental and theoretical ap-
proaches.8,15−25 It is now well established, both structurally
and kinetically, that the molecular transport via antiporters and
symporters is taking place via a sequence of conformational
transitions that alternate the exposure of the channels to
different sides of the cellular membrane.16,17,24 However, many
aspects of the mechanisms of the secondary active transport
still remain not well understood. For example, it is still unclear
how specific mutations in membrane channels, which is one of
the main experimental methods of probing their mechanisms,
affect the translocation dynamics and efficiency.22,26 This is
because the analysis of experimentally measured dynamic
properties utilizes a purely phenomenological Michaelis−
Menten-like approach that has no connection with underlying
chemical states. Another interesting question is why different
stoichiometries between driving and driven species in the
transmembrane transport are frequently observed, even if there
is enough energy for the simplest 1:1 stoichiometry to support
the translocation.26,27
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We recently introduced a new theoretical framework to
investigate the mechanisms of secondary-active transport.20,21

This is a minimal chemical-kinetic approach that takes into
account the most relevant chemical states and transitions,
allowing us to obtain explicit expressions for dynamic
properties of antiporters and symporters. This method is
filling a theoretical gap between the computational models that
concentrate on structure changes during the translocation and
phenomenological structureless models that are frequently
utilized to analyze the experimental data on dynamics. In this
paper, we apply this theoretical approach to clarify two issues,
namely, (1) what the effect of specific mutations on dynamic
properties is and (2) why the secondary active transport
explores various molecular stoichiometries during the mem-
brane translocation. While our theoretical arguments are valid
for all types of transporters, to be more specific, we concentrate
on antiporters.
Let us consider a chemical-kinetic model, presented in

Figure 1, that has been successfully applied to describe the
molecular translocation processes in antiporters.20,21 There are
two types of molecules in the system. Molecules of type A and
B have their concentrations above the membrane (outside of
cell) as cA and cB, respectively, and the concentrations of these
species below the membrane (inside the cell) are equal to cA′
and cB′ , respectively. While there are more molecules of both
types above the membrane (cA > cA′ and cB > cB′), molecules A
are driving molecules B across the membrane, i.e.,

c
c

c
c

A

A

B

B
>′ ′ .

This means that the motion of molecules A from the upper
part to the lower part along their concentration gradient (see
Figure 1) provides enough energy to move molecules B from
the lower part to the upper part against their concentration
gradient.
In the chemical-kinetic model presented in Figure 1 there

are six possible chemical states. The states 1, 6, and 5
correspond to the situation when the channel is open to the
outside, while the states 2, 3, and 4 describe the situation when
the channel is facing down. The following chemical transitions
might happen in the system. Molecules A can bind to the open
channel facing up (transition 6→ 1) with a rate uA = kcA, while
the dissociation (transition 1 → 6) is taking place with a rate
wA (see Figure 1). If the channel is open to the inside, then the
corresponding association/dissociation rates of the molecules
A (transitions 3↔ 2) are equal to uA′ = kcA′ and wA′ (assumed to
be equal to wA), respectively. Similar transitions happen for the
molecules B (Figure 1). They can reversibly bind to the

channel facing up (transitions 6 ↔ 5) with the rates uB = kcB
and wB, while for the channel facing down the corresponding
rates (transitions 3 ↔ 4) are uB′ = kcB′ and wB′ (assumed to be
equal to wB), respectively. The antiporter also exhibits
conformational transitions that change the orientation of the
channel. The empty channel might invert (transitions 6 ↔ 3)
with a rate γ (equal rates in both directions), while the
conformational rates for occupied channel (transitions 1 ↔ 2
and 5 ↔ 4) are taking place with a rate γx (Figure 1). Here,
the dimensionless parameter x specifies a catalytic effect of
modifying the conformational transition rates after the
molecular associations of molecules A or B to the channel.20,21

The important advantage of chemical-kinetic model is that
all dynamic properties of antiporters can be explicitly evaluated
in terms of individual transition rates.20,21 For example, the
stationary flux of driven particles B can be written as

J
xw w

N
u w x u x u w x u x( 2 ) ( 2 )B

A B
B A A B A A

γ
γ γ= [ ′ + + − + + ′ ]

(1)

where N is a normalization constant given by
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This provides an explicit way to quantitatively analyze the
effect of specific mutations on dynamics of molecular
translocations in antiporters.
Site-directed mutagenesis is a powerful experimental tool

that allows to investigate the mechanisms of biological
processes.1,2 It has been also widely utilized for understanding
the mechanisms of secondary active transport.11,16,27,30 The
idea of this method is that mutations locally modify the specific
chemical states and transitions. Then measuring the changes in
the dynamic properties of membrane channels will reflect the
contributions from these states and transitions. Applying this
idea to our theoretical model in Figure 1, we notice that single-
site mutations might affect four different aspects of the
chemical-kinetic scheme. First, mutations might modify the

Figure 1. Single-site alternating access model of membrane transport for antiporters with different colors representing the different parameters that
might be affected by specific mutations. Green color corresponds to mutations affecting the binding site of molecules A, red color represents the
mutations to the binding site of molecules B, blue color represents mutations that affect the conformational transitions, and black color represents
the mutations that change the catalytic effect.
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strength of binding of molecules A to protein channel, and the
affected transitions rates are shown in green color in Figure 1.
Second, mutations might influence the binding of molecules B
to the channel, which is shown in red color for the
corresponding rates in Figure 1. Third, mutations might
change the frequency of conformational transitions, and this is
shown in blue color in Figure 1. Finally, mutations might also
modify the catalytic effect associated with binding of substrates
to the antiporter, and this is illustrated in black color in Figure
1.
To quantify the effect of mutations, we notice that the

modifications in the system due to mutations are always
associated with some energy changes. Then we can explicitly
express the transition rates for the mutated system as a
function of the corresponding transition rates for the wild-type
system. For mutations affecting the binding of species A, one
can write

i
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where EA is the energy difference in binding molecule A to the
antiporter for the mutated system in comparison with the wild-
type system; uA(0), uA′(0), and wA(0) are transition rates for
the system without mutations. In addition, we assumed here
that the energy change due to mutation affects equally the

association and dissociation rates, as given by the factor of 1/2
in the exponential terms for each transition rate.
Similarly, if the mutations change the interaction energy

between the molecule B and the protein channel by the
amount EB, the corresponding transition rates will be modified
as follows:
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The mutation can also affect the conformational transition rate
that can be expressed as

i
k
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B
γ γ=

(5)

where Econform is how much the energy barrier for conforma-
tional transition changes for the mutated system in comparison
with the wild-type system. Similarly, the mutational changes in
the catalytic effect can be written as

i
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y
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E
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( ) (0) expcat
cat

B
=

(6)

with Ecat being the energy change for this effect.
Associating the effect of mutations with changes in the

corresponding energy scales allows us to quantify it, which

Figure 2. Stationary fluxes of molecules B as a function of the concentration cA for various mutations: (a) mutations affecting the binding site A; (b)
mutations affecting the binding site B; (c) mutations affecting the conformational transitions; and (d) mutations affecting the catalytic effect. In all
graphs, the black curves correspond to the energy change scale Ei = −3 kBT; the red curves correspond to the wild-type systems; the blue curves
correspond to the energy change scale Ei = +3 kBT; and the green curves correspond to the energy change scale Ei = +10 kBT with i = A, B, conform,
or cat. Also, for calculations the following parameters were utilized: γ(0) = 1 s−1, uA′(0) = 100 s−1, uB(0) = 1000 s−1, uB′(0) = 200 s−1, x(0) = 10,
wA(0) = 100 s−1, wB(0) = 100 s−1, and k = 1 s−1 μM−1.
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might be also useful for analyzing real experimental data.26 In
Figure 2, we present the results of our explicit calculations for
the stationary flux of molecules B, JB, as a function of varying
the concentration of the molecules A above the channel, cA, for
various types of mutations with different mutation strengths.
As one can see in Figure 2a, mutations that increase the

binding strength of molecules A to the antiporter (green curve)
lower the translocation current. However, weakening the
strength of this interaction does not always increase the flux.
Our calculations show that there is some range of optimal
interaction strengths (red and blue curves) that leads to the
maximal flux of molecules B. These observations can be
explained by using the kinetic scheme in Figure 1. For strong
attractive interactions of molecules A with the channel, the
system will be found mostly in states 1 and 2, and this will
prevent the flux of molecules B across the membrane. For
strong repulsions, the situation is different. In this case,
molecules A cannot translocate, and this does not give enough
energy to molecules B to move against their gradient (recall
that cB′ < cB). The optimal transport can be realized for
intermediate values of interaction strengths. One should note
that the wild-type system is in this range (red curve).
A similar picture is observed for mutations that affect the

interaction strength of molecules B with the antiporter (see
Figure 2b). Smaller translocation fluxes of particles B are found
for stronger attractions and stronger repulsions, and there is an
optimal range of interactions that provide the most efficient
translocation. Again, it can be explained by using the chemical-
kinetic scheme in Figure 1. For strong attractive interactions,
the system is mostly found in states 4 and 5, and this prevents

the flux of molecules A, lowering the driving force of the
secondary active transport. For strong repulsions, molecules B
cannot associate to the channel, and for this reason the
transport will not happen. The most optimal conditions
correspond to intermediate binding strengths, and the wild-
type system is in this range.
Figure 2c illustrates the effect of mutations that modify the

conformational transition rates γ. For large concentrations cA,
the increase in the conformational rate improves the flux of
molecules B since more particle can move in both directions
per unit time. However, for relatively small concentrations cA,
the increase in the rate γ might not be beneficial for driving
molecules B because of the stronger effect of the so-called
leakage current (transitions 3 → 6 in Figure 1). In this case,
the driving force from the translocations of molecules A will be
smaller due to the leakage current.20 At large concentrations cA,
the relative effect of the leakage current is negligible. It is much
easier to explain the effect of mutations on the catalytic ability
of the antiporter (Figure 2d). As expected, increasing the
catalytic effect can only improve in the translocation flux of
molecules B.
To understand better the effect of mutations on the

secondary active transport, it is convenient to consider an
efficiency of membrane channels. It is defined as the ratio of
the fluxes for particles B and A, and it is given by20

J

J
u w x u x u w x u x
u w x u x u w x u x

( 2 ) ( 2 )
( 2 ) ( 2 )

B

A

B A A B A A

A B B A B B
η

γ γ
γ γ

= =
′ + + − + + ′

+ + ′ − ′ + +
(7)

Figure 3. Antiporter efficiency as a function of the concentrations cA for various mutations: (a) mutations affecting the binding site A; (b)
mutations affecting the binding site B; (c) mutations affecting the conformational transitions; and (d) mutations affecting the catalytic effect. In all
graphs, the black curves correspond to the energy change scale Ei = −3 kBT; the red curves correspond to the wild-type systems; the blue curves
correspond to the energy change scale Ei = +3 kBT; and the green curves correspond to the energy change scale Ei = +10 kBT with i = A, B, conform,
or cat. Also, for calculations the following parameters were utilized: γ(0) = 1 s−1, uA′(0) = 100 s−1, uB(0) = 1000 s−1, uB′(0) = 200 s−1, x(0) = 10,
wA(0) = 100 s−1, wB(0) = 100 s−1, and k = 1 s−1 μM−1.
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This quantity determines how many molecules B can be
moved for each translocating molecule A. The results of our
calculations for efficiencies are presented in Figure 3. One can
see that for any type of mutations increasing the concentration
cA leads to increasing the efficiency, which eventually saturates
and reaches η ≃ 1. For mutations that modify the interaction
strength between the molecules A and the channel (Figure 3a),
the efficiency is larger for more attractive interactions (green
curve). But in this regime only few molecules of A and B are
translocated. Similar results are observed for mutations that
modify the interactions of the molecules B and the channel
(Figure 3b). Also, for mutations that modify the conforma-
tional rates (Figure 3c) and the catalytic effect (Figure 3d),
increasing the energy scale associated with the corresponding
mutations always improves the efficiency.
Comparing the results presented in Figures 2 and 3, we

notice that the wild-type antiporters correspond to the
intermediate range of energy scales that lead to the maximal
possible current of molecules B, but this does not always
correspond to the most efficient channels. Thus, we speculate
that these protein membrane channels are most probably
optimized to obtain the maximal flux of the driven species and
not the maximal efficiency. This might be related to the fact
that the secondary active transport utilizes already existing
concentration gradients of driving species and no additional
energy consumption is needed, making the question of
increasing the efficiency for biological cells less relevant.
Experimental studies of membrane channels frequently

utilize phenomenological Michaelis−Menten-like dependen-
cies of the particles fluxes to probe various aspects of the
secondary active transport.26,27,31 Our theoretical approach is
convenient to connect such analysis with more microscopic

events that should clarify better the underlying microscopic
picture. For this purpose, the molecular flux of molecules B can
be written as

J
J c

K cB
max A

M A
≃

+ (8)

where Jmax is the maximal possible translocation flux that can
be achieved at very large concentrations cA and KM is a
constant analogous to the Michaelis−Menten constant. It has a
physical meaning of concentration cA at which JB = Jmax/2. The
mechanisms of membrane transport can be understood better
by analyzing how different mutations modify the parameters
Jmax and KM.
It can be shown analytically that

J u w w x w w x u x w x

u x w x w w w x

/ ( 2 ) ( ) (1 )

2 ( )

B A B B B A A

B B A B A

max
2γ γ γ

γ γ

= ′ { + [ + ′ + + ]

+ ′ + + } (9)

The effect of different mutations on the maximal current is
presented in Figure 4. Mutations that increase the strength of
interactions between molecules A and the channel will lead to
smaller Jmax, while the mutations that make these interactions
more repulsive will increase the maximal current (see Figure
4a). This can be explained by using the following arguments.
For large positive EA, the channel will be blocked by molecules
A, and no translocation for molecules B will happen. The
situation is different for large negative EA. Molecules A should
be repelled from the channel, but because the concentration cA
is very large at these conditions, particles A will frequently
overcame this repulsion, enter the channel, and translocate,
driving the flux of molecules B.

Figure 4. Jmax as a function of the energy changes (in units of kBT) due to mutations: (a) mutations affecting binding site A; (b) mutations affecting
binding site B; (c) mutations affecting the conformational transitions; and (d) mutations affecting the catalytic effect. For calculations, the following
parameters have been used: γ(0) = 1 s−1, uA(0) = 1000 s−1, uA′(0) = 100 s−1, uB(0) = 1000 s−1, uB′(0) = 200 s−1, x(0) = 10, wA(0) = 100 s−1, and wB

(0)

= 100 s−1.
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The dependence of Jmax on varying the strength of mutations
that affect the binding of molecules B (Figure 4b) is
nonmonotonic. For strong attractions, the channel will be
blocked by molecules B, preventing any flux. For strong

repulsions, molecules B will not be able even to enter the

channel, again preventing any flux. Only for intermediate

values of EB will the particle fluxes of molecules B be observed.

Figure 5. KM of an antiporter as a function of the energy of its mutation E (in units of kBT): (a) binding site A mutations, (b) binding site B
mutations, (c) conformational change mutations, and (d) catalytic effect mutations. In all curves, γ(0) = 1, uA

(0) = 1000, uA′(0) = 100, uB
(0) = 1000, uB′(0)

= 200, X(0) = 10, wA
(0) = 100, and wB

(0) = 100.

Figure 6. (a) Chemical-kinetic model for antiporter that follows 2:1 stoichiometry. (b) Comparison of stationary particle fluxes for molecules B in
the 1:1 stoichiometry model (red curve) and in the 2:1 stoichiometry model (blue curve). (c) Comparison of antiporter efficiencies in the 1:1
stoichiometry model (red curve) and in the 2:1 stoichiometry model (blue curve). The following parameters were used in calculations: γ = 1 s−1, uA′
= 100 s−1, uB = 1000 s−1, uB′ = 150 s−1, wA = 100 s−1, wB = 100 s−1, and x = 10.
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A similar nonmonotonic dependence of Jmax is found for
mutations that influence the conformational transitions (Figure
4c). For large negative Econform the conformational transitions
will not happen at all, while for large positive Econform the
contribution of the leakage current (transitions 3 → 6 in
Figure 1) will be too strong for the translocation of molecules
A to drive the transport of molecules B. In addition, Figure 4d
shows that mutations that increase the catalytic effect will
always also increase the maximal possible current for particles
B, which is an expected result.
It is also interesting to evaluate the Michaelis−Menten

constant in our analytic calculations for different types of
mutations. The results are presented in Figure 5. One can see
that KM is strongly affected by mutations in the binding sites
for A and B, as well as for the mutations that influence the
conformational transitions, while the effect is minimal for those
mutations that change the catalytic ability of the antiporter. All
trends can be explained by analyzing the chemical-kinetic
scheme in Figure 1 and recalling that KM is a concentration at
which the JB = Jmax/2. For example, KM decreases with EA
(Figure 5a) because at large attractive interactions the overall
fluxes are very small. Then to reach Jmax/2 does not require
large values of cA. At the same time, for strong repulsions the
saturating current Jmax can be reached only for very large
concentrations of molecules A, and this also leads to large
corresponding KM. Similar arguments can be presented for
other types of mutations.
Our theoretical approach can also be used to answer the

question as to why frequently membrane transporters exhibit
different stoichiometries despite the fact that from the
energetic point of view the simplest 1:1 stoichiometry would
be sufficient to drive the molecules across the membrane.32−34

Our idea is that this might happen when the association of
single molecules A does not lead to the strong catalytic effect
needed to drive molecules B against their gradient, but having
simultaneously several channel-bound molecules A will create
the necessary catalytic effect.
To test this hypothesis, we present a chemical-kinetic model

for antiporters that can follow 2:1 stoichiometry during the
membrane transport, as shown in Figure 6a. In contrast to the
original six-state model that describes 1:1 stoichiometry, there
are two additional chemical states when the channel is doubly
occupied by molecules A (see states 1 and 8 in Figure 6a). We
also assume that the single-occupied states (2 and 7) cannot
produce the catalytic effect, and the conformational transition
rate between them is γ. However, the doubly occupied states
(1 and 8) will exhibit the catalytic effect, and the conforma-
tional transition rates between them is γx (Figure 6a).
We can explicitly calculate all dynamic properties for the

eight-state kinetic model of the antiporter with 2:1
stoichiometry,20,21 and the results are presented in Figure
6b,c. In these figures, we compare the dynamic properties of
antiporters that follow 1:1 stoichiometry (model in Figure 1)
and 2:1 stoichiometry (model in Figure 6a). One can see that
the current of molecules B significantly increases (Figure 6b),
while the efficiency is mostly lower for the 2:1 stoichiometry
antiporters (Figure 6c). These observations can be explained
by noting that adding two more additional chemical states
(Figure 6a) creates a new pathway for molecules A to
translocate, and this clearly increases the driving force for
molecules B to be moved against their gradient. At the same
time, it lowers the efficiency since for one has to double the
number of driving species A to achieve the transportation of

molecules B. On the basis of these arguments, we speculate
that antiporters might follow stoichiometries that deviate from
1:1 if a stronger driving force to move molecules B is needed.
This can be accomplished for large concentrations of
molecules A (and large gradient cA/cA′ ≫ 1), but it will also
lead to lower overall efficiency of the antiporter.
In this paper, we presented a theoretical investigation on the

effect of mutations in membrane channel proteins that support
the secondary active transport. By utilizing a minimal chemical-
kinetic model that allows us to obtain explicit expressions for
all dynamic properties, we concentrated on antiporters, in
which the fluxes of driving and driven species move in opposite
directions. In our theoretical analysis, the effect of mutations is
associated with changes in energy scales for different chemical
transitions. This approach provides a comprehensive quanti-
tative picture of how mutations would modify the properties of
antiporters. It is found that there are optimal ranges of
mutation effects that lead to largest possible translocation
fluxes. We also argue that wild-type membrane protein
channels most probably are optimized to obtain the highest
fluxes and not to achieve the most efficient performance. In
addition, we presented theoretical predictions on how
phenomenological parameters that can be obtained from the
Michaelis−Menten-like analysis of experimental data will
change for different types of mutations. Furthermore, the
origin of the existence of antiporters with stoichiometry that
deviates from the simplest 1:1 case has been investigated by
extending the original chemical-kinetic model. We tested a
hypothesis that such deviations might happen when a stronger
catalytic effect is needed to drive molecules B against their
gradient. It is shown explicitly that the 2:1 stoichiometry
model leads to larger particle fluxes and weaker efficiency in
comparison with the simplest 1:1 stoichiometry model. The
possible conditions that would support more complex
stoichiometries are discussed.
Although the presented theoretical study provides a

reasonable physical picture of complex processes that are
taking place during the secondary active transport in biological
cells, it is important to discuss its limitations and shortcomings.
To simplify our calculations, several assumptions have been
made that might not be always realistic. For example, we
assumed that the catalytic effects, expressed by the parameter
x, are the same for the molecules of both types, while this
might not be the case. In addition, for mutations that change
the binding affinities of the substrates with the protein channel
it was assumed that the corresponding energy changes affect
equally association and dissociation rates. The underlying free-
energy landscape associated with such mutations might be
more complex, but we expect that this still will not change the
main conclusions of our study. It is also important to note that
our theoretical analysis has been performed only for
antiporters. But it is known that although symporters and
antiporters share many similar properties, there are some
differences in the mechanisms of translocation adopted by
these membrane channels.20 It will be interesting to explore all
these possibilities in more advanced theoretical studies, and it
will be also critical to test the obtained theoretical predictions
in experimental studies.
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